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ABDSTRDACT

A compensation scheme is presented for the pitch-yaw
control system of a strategic missile which maintains
stability and performance while the missile spins. The
conventional missile control design for boost has uncoupled
pitch, yaw and roll channels ideally suitel for a non-
rolling missile. The effect roll has on the conventional -2

pLtch-ydv controller is discussed and the development and
simulation of a modified system is presented.
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Future ballistic missiles may need the ability to 'spin .

during boost ascent through the atmosphere as a counter-

measure against first-generation continuous-duty laser

threats. Since the conventional missile control design has

uncoupled pitch, yaw and roll channels, some performance and

even system stability ady be lost in rolling the missile.

This study evaluates the performance of a conventional
pitch-yau controller in the presence of spin. A copensa-
tion scheme is then proposed to restore system performance.

The block diagram of a submarine-launched ballistic

missile's pitch-yav control system is used as the design

vehicle for this study. Since the physical parameters of

this system are classified, only the block diagram is used

in the analysis and design process. All numerical values
needed tor analysis and simulation are borrowed from other

systems or aerived as needed.

The stuuy is conducted as follows. First, the bisic

laws of motion and thrust vector control are introduced.

Together, these sets of equations define the flight dynamics

of the missile and the method for controlling the missile.

The pitch-yaw controller for the non-rolling missile is then

designed and simulated. This system has uncoupled channols

for pitch and yaw control which bezome coupled when the

missile is rolled. Next, the missile is forced to roll and

the effect cross-coupling has on the system's performance is

analyzed. A compensation scheme is then proposed to restore

the system's performance. Analysis and design are carried

out usiny classical and modern controls analysis and

simulation results are presented.

5
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A. ISSILE DINANICS AND THIUST VICTOR CCIIOL

.9tion and Reeec 1.;§ jg.,l

The reference axis system used tc define vector

quantities, dimensions and angles of interest is shown in

Fig. 1-1. The axis s stem is fixed within the missile Lody

with its origin at the missile's center of gravity. The

orthogonal axes, z, I and 2, will also be referred to as the

roll. pitch and yaw axes, respectively. fig. 1-1 indicates

that the right-hand rule is used to determine the positive

direction for rotational vector quantities.

CC,

z Zw velocitv

Fig. 1-1 Reference Axis System
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Table 1-1 lists the symbols used to refer to key

parameters and quantities of interest. Other symbols will "S

be defined as they arise. 7he moments of inertia about the

center of gravity (cg) are defined as:

= Z 1 (Z2+Xz) (1.2)

- .".- -

C CI Z 6 ( 2 +y2 ) (1.3)

The products of inertia are defined as:

D = Zi (m) yz 114)

E= (6.) Xz (1.5) .

S= 2 (dI) xy (1.6"

where Za6 symbolizes the sun of differential mass elements

which make up the missile kcdy.

677 - . .. ...
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IABLE 1-1
NOTATION EEINIIIONS

Roll Axis Pitch Axis Yaw Axis

x y Z

Angle of incidence X 4 P

Angular rate p q rrComponent of missile
velocity along axis U v w

Component of force YZ
on missile along axisYz I
Moments acting on

missile about axisLM

Moments of inertia
about each axis A B C

Products of inertia D E F

2. 992tion of motion

1he equations of motion for a tody vith six degrees
of freedom and a mass, m, are summarized belou. A dot .

over any symbol refers to the time rate of change, d/dt, of
the quantity indicated. [lef. 1]

2(6 4 -v rv) X 17

m(W- qU + F') =Z(.9



*BC -Ir r. -,.q2 jp4 + I~~w.~- (r j L (1.10)

I p (D-)pq + c(r2 -p 2 ) - Erpq+r) *E(grp-) N (1.10)

7he ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ -fis he-qatos aoeae oc qain

angla aceeain rJon. Noeta h eodtr

ineach f rhst eutiee e catons abve acreofsceupeinatons

between the two channels which is propcrtional to the roll

rate. This cross-coupling effect is eliminated in the

conventional Vitch-yau controller design by preventing roll

and thus setting the roll rate, p, equal tc zero.

I Assuming that the iissile body is approximately

rigid leads to the conclusion that the products of inertia

are equal to zero. Ihus Eqs. (1.11) and (1.12) are reduced

tc:

Bq - C-A)rp M (1.13)

Cr (I-B)pq =N(.1)

9
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3. hrst V ecto. C ol..,
The only means used to control the flight of the

missile under study is to deflect the exhaust nozzle as

shown in two dimensions in Fig. 1-2. Ceflecting the exhaust

nozzle causes the driving force of the rocket motor to be

pointed in a direction other than along the missilels longi-

tudinal axis. Ihis action creates force components

perpendicular to the roll axis uhich do not act through the

missile's center of gravity. The resulting moments are

about the y- and z-axes and cause the missile to pitch and

yaV. lbe moments about the center of gravity caused L7 the

deflected thrust vector are:

N = (Tz)lc (1.15) -.

N = (ly)IC (1.16)

Where I is the length from the missile's center of gravity

to the point of application of the thrust (exhaust nozzle)
aand and z are the lateral thrust components parallel to

the y-axis and z-azis. If do and dpi are the angles of

nozzle deflection in the pitch and yaw planes, then the

perpendicular thrust components are related to the total

* rocket motor thrust by the following equations:

I- =!sin (dV) (1. 17)

T= I.sin(de) (1. 18)

10



or

T -

Fig. 1-2 Thrust Vector Control

Assuming that the maximum angle of nozzle deflection

is smaill, as it must be for any rhysical system of this

*type, permits further simplification of Eqs. (1.15) and

(1.16) to the linear Egs. (1.21) and (1.22).

sia(de) V do (1. 19)

si0d) d



L - - --7 1.-

ic (1.21)

ic 11.22)

pth Equations (1.21) and (1.22) give the moments in

two equations with the general rotational Xotion eguations

in pitch and yaw, Egs. (1.1.3) and 41.14), permits formula-

tion of the general differential Equations for pitch and

yaw-

T-det B - C-A)rp (1.23)

TIdyplc Ci - A-B)pq (1.24a)

Solving for the avgular acceleration components gives:

j (l/B)[T-de'lc *(C-A)rrJ 11.25)

r=(1/C)(1-di~lC (A-F)F'1] (1.26)

Equations (1.25) and 11.26) ,A3int out the cross-

coupling effect that the rail rate, p, has an the system.

For instance, If the roll rate is set equal to zero the

equations for pitch and yaw are completely uncoupled.

r (l/)1.dylc 1.28)

12
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Figure 1-3 depicts the rolling pitch-law system just

described in block diagram form and highlights the cross-

coupling terms introduced by roil. %be classical missile

control system design apfroach assumed that the roll ratek Zj-
was small and went to great lengths to ensure this was true.

Making the assumption that the roll rate is negligible

allows the system designer to separate the pitch and law __

channels and deal with them independently. Ibis study will

analyze the effect cross-coupling has on stability and

performance and formulate a compensation scheme for the

cross-coupled system.

Roll IAB~
Cross-Coupling j

F1 1

Fig. 1-3 Thrust Vector Control Dynamics

13
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The strategic missile whose pitch-yaw control system
will be used as the design vehicle for this study. The

block diagram of the system's pitch-yaw control system
(without roll) is shown in Fig. 2-1. Since the physical
parameters of this missile are classified, only the block
diagram will be used. All system constants and physical
pirameter values which are used for analysis and simulation
will te taken from other systems or derived as needed.

The missile is a three-stage booster rocket. Flight of

the missile is controlled by vectoring the exhaust thrust as

described in the preceding section. Based upon predeter-

mined flight trajectories and measured or estimated parame-

ters duriug f light, the guidance computer generates pitch
and yaw commands and transmits these to the pitch-yaw

controller [Ref. 2]. The algorithm which the guidance

computer uses to generate the pitch and yaw commands will

not te addressed. Only the response of the pitch-yAw

contrcller to a yeneral set of commands will be considered.

Table 2-1 lists the physical parameter values usel at
the various stages for design and simulation. These parame-

ters tear no res~emblance to those of the Trident II missile
but serve only to provide actual numbers for the variables

so that Simulation could be done. The paramaters liste1 in
Table 2-1 were actually taken from the Saturn V Rlocket; also

a three-staye booster rocket. The moments of inertia listed

in Table 2-1 were obtained from the other parameters by

assuming that each stage has approximately the same inertial
characteristics as a uniform right-circular cylinder.

.,,,.. .,

.. *.~~. . . . .. .. . . . .. . . . .



-0 0-7 1-7-7 7-7 7 -_ -

t+

T-11BI
T-lc r 1

IC

FL

WC K E Nzl

a +.

fig. 2-1 Non-Biolling Pitch-Taw Control System

Figure 2-1 shows the schematic block diagram of the

system used to control pitch and yaw in the missile. Sizice

the missile does not spin, the pitch and yaw channels are

uncoupled. The system consists of a servo-actuator used to

deflect the exhaust nozzle, the missile dynamiCs and sensars

which feed back angular velocity dad position. The deflec-

table exhaust nozzle saturates at a maximum aeflection of
five degrees. In this analog system all gains are constant :
throughout operation.

15



7ABLE 2-1 m-

PHYSICAL PAHANFES SPECIFICA2IONS

lst Stage 2nd Stage 3rd Stage

Initial Mass slugs 1.488x10 5  3.22x104  8.14x103

Mass Rate slug/sec 930 81.49 14.75

6 05

Thrust lbf 7.496x10 1.125xl10 2.249xlO

Length ft 133 130 100

Burn Time see 150 359 479

I ~oneto ieria slug-ft2  m(1542.1) m(1476-4) mi(858-3)abu Pitch Axis

Nent of Inertia 2
Ya Ais slug-ft m(1542.1) m(1476-4) m(858-3)

Mmnt of Inertia lu t2

Long-e m(136.1) W(36.1) m(50.0)
about Roll Axis

16



A. DESIGN OF THE SERVO-ACTUATOR

The trinster function of the SerVO-dCtua to r which

deflects the exhaust nozzle of the missile is given in Eq.

(2.1). The task is to select numerical values for the
parameters, a, b and f, such that the servo-actuator has

acceptable performance characteristics. Again, the param-

eter values will be selected without regard to those used an

the actual missile.

do (s) a ab2 (2.1)

El s (s + a) (s 2 + 2f bs + bJ)

It is desired that the actuator's performance resemble
S that ct a well damped second-order system with minimum over-

* shoot and a short settling time in response to step inputs.

These performance characteristics need to be more stringent

than those imposed on the entire system SO that the actuttar

does not become a limiting element when the entire systea is

considered later. The design specifications used for th.!

actuator are summarized as follows.

1. Polk L2914tIRSA

Ia order to ensure that this third-order system

behaves essentially as a second-order system, the real pole

must have a magnitude significantly greater than the rea I

part of the complex roots of the second-order term, e.gj.

a > l0fb (2. 2)

2. Da a Ping
in order to make the dominant complex pair of poles

exhib~it good damping, the value of f must approach one.

1 > f > 0.8(.]

17



.'-3. §Mttli_9nn lime .A..-

In order to keep the actuator from limiting the

settling time of the entire system, the servo's settling

time must be significantly shorter than that of the Fitch-

" yav controller. If the desired settling tine of the entire

system is to be approximately ten seconds and the actuatorts

settling time is 3% of the system's, then the actuatorts

settling time will be selected according to the relaticnehip

below.

tsettllng servo < 0.03 t settling system (2.4)

4. leak Cversh9oot

The peak overshoot of the servo-actuator must be

small. Otherwise, it may have an appreciable effect on the

overall system's Feak overshoot.

S(servo) - 1 < 1% 12.5)

Where il(servo) is the peak overshoot of the actuator.
Equation 12.5) permits selection of the appropriate

damping ratio, f. If the system is assumed to exhibit

second-order characteristics, then Eq. 12.6) can be solved

for the damping ratio.

(servo) - 1 = exp -1] < 0.01 (2.6)

Solving for the damping ratio, f, yields the following.

f > [nlO.O1l, 2  = 0.826 (2.7)
It [l (. 1) ]4

So, a damping ratio of 0.9 %ill be used. This selection

also satisfies Eq. 12.3).

0

• " " 6 .
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The specification of Eq. 12.4), combined with the

above choice of damping ratio, can be used to select the

natural frequency of the second-order term.

t 0.3 sec (. )"''-',
t settling servo "-0sc2.

Solving for the natural frequency leads to a selection of b

equal to 15.

b > 14.8 rad/sec 42.9)

Equation (2.2), combined with the above choices of

damping ratio and natural frequency, leads to a selecticn of

the real pole, a, equal to 150.

a > lOft 135 (2.10)

The root locus of the system's characteristic egua-

tion, obtained by varying the real pole, a, is shown in Fig.

2-2. Highlighted are the root locations for the above

choice of parameter values. As shown in Fig. 2-2, all the --

roots are well into the left half of the s-plane, a large

phase margin exists for the second-order complex pole Fair

and the second-order pair is far enough to the right cf the

single real pole to achieve dominance. Figure 2-3 shows the

open-loop frequency response of the actuator and makes the

large phase margin more evident. Figure 2-4, the closed-

loop frequency respcnse, Foints out the limitation of the

actuator to follow input signals of frequency greater than

about 10 radians/second. Figure 2-5 shows the ste; response

of the system and as indicated, it meets the design specifi-

cations. Note that although the simulation shown in Fig.

2-5 is that of a full step of unit magnitude, the oczzle

actuator saturates at a maximum angle of deflection of

0.0873 radians (5 degrees).

19



. ... ... ...

Stability Cross"over

C?. . ... .. ... ..... ... ... .... .. ... .

sin 0P Z0.95r'

Real Root . *0

*Complex Roots:

0 
...... . . ..... ...

-100.0 -140.0 -120.0 -100.0 -6.0 -6.0 -40.0 -t0.0 0.0 t0

Fig. 2-2 Servo-Actuator Boot locus Plot

Figure 2-2 shows that the magnitude of the real pole
is far greater than the real Fart of the complex pair and,
therefore, will have little effect on the system's perform-
ance. Also, the dominant seccnd-order pair is vell damped
with approximately a 72-degree phase margin and an effective
damping ratio of 0.95. Ihs system is stakle as long as the
tern, ab2, remains less than 7.57 z 10s.

20
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B. DESIGN OF TBB PITCH-YIN COIIIOLLEN

The block diagram of the pitch-yaw control system is

shown in Fig. 2-1. Since the pitch and yaw channels are

identical and decoupled only one of them Deed be considered.

The parameters Kr (Krt. and K.* (K*~) will be selected so

that the system will exhibit minimal overshoot to step

inputs and have a settling tine less than ten seconds. The

one-channel system to be considered is sbovn in Fig. 2-6.

K01 ab
4. Ile ~(9+a) (9s +2f1b+b 2)

5_ d

fig. 2-6 Pitch or Yam Channel Blcck Diagram

214



In order to begin the analysis, it is necessary to

temporarily ignore the nonlinear saturation of the servo-

actuator. 7he linearized transfer function for the Fitch-

yaw control systes then becomes that of Eg. (2.11).

O(s) = K.ab 2 l 0 /e (2.11)

"c (s) Ss + s* (a+2fb) # s3| b242fba) + s2 (aba)

SS(jrKeall ZClPE) # Keab 2 ll/E

The denominator of Eg. (2.11), when set equal to zero,

defines the system's characteristic equation. 1he charac-

teristic equation may be partitioned as follows. Define a

new variable, J.

J ab2K(Il /8) (2.12)
8 C

The characteristic equaticn now Lecomes;

s s * s 4 (a+2fb) , s3(b 2 +2f ba) (2.13)

+ s2(ab2 ) S (!re J) + = 0

Rearranging yields the partitioned form shown below.

KreS + 1 = -1 (2.14)

s s + s'(a+2fb) * s3(b 2 +2fta) * s 2 (at 2 ) J

Equation (2.14) is in the form for root locus analysis

where J is treated as the open-loo F gain and the left side

* of the equality as the open-loop transfer function. Varying

Kr9 and J together sweeps out a region in the s-plane into

which the roots of the characteristic equation can be

located. These "root relocation zones" are shown in fig.

2-7. [Lef. 3]

Figure 2-7 was made by varying J and Are in Eq. (2.14)

and plotting the root locations. for example, if Kre = 0

then Eq. (2.14) contains five finite poles and five zercs at

* infinity. The root locus will follow the path indicated in

25
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Fig. 2-7 (as J increases). vote that the real pole at -150

is not shown in Pig. 2-7. As Kra is increased incrementally

from zero towards infinity and the sane Erocedure is used, *

i.e., plot the root locus over a large (positive) range of

J, thn family orotloci will be swept out. Tbe cross-

hatched area in Fig. 2-7 is the area emlosed by the root

loci for 3 and K., varying from 0 to cx~.

r,..s

.. .. .. ... .. ... .. ... .. ... .. .. .. .. ... . .. .... .... .. .

K 9:2
re1

... ..... .... .. ... ................A....
a 00

..... ... ... ... ... .. ..... ... . ...... ... . .. ... .. .. ... ... ... ... .

K 16 0
-00. -MO -400 -3.0 -0.0 -10. 0.0 50. 20. .e

Pig 2? oo Rloctin ons f Ptc-lw on Rer
une Pl TwoPoie
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Figure 2-7 indicates that the system is unstable, with

two roots in the right half-plane, for values of K less

than or equal to zero. The values of K and J are esti-

mated as 0.8 and 1.57 I 105, respectively. This selection

locates the characteristic equation roots as shon in Fig.

2-8. The open-loop gain, K., was found, from the definition

of J, to range between the values shown below.

1st Stage 2nd Stage 3rd Stage

1.071-0.07 1.51-0.14 1.45-0.19

Exact solutions for K. and K.r were not obtained analyt-

ically since the system contains a nonlinear saturation

effect which was ignored in constructing the root locus.

Also, Ke is a function of system parameters which change

continuously during flight and dramatically at bocster stage

separations. To fine tune the selection of Ke and K,, ,"

simulation studies were conducted using DSL/360 during each

of the three booster stages of operation. The results of

the simulations, for various values of Fref are shown in

Figs. 2-9, 2-10 and 2-11, where 6 is given as a function

time.

The simulations illustrated that the gain, , has

little effect on the system's performance. This is because

it is "upstream" from the saturated nozzle actuator and, as

such, can only shorten the time required for the actuator to

reach maximum deflection. Since this time is already small

compared to the system's response, 16 has negligible effect.
To simplify the problem, K. was set equal to ce. The

velocity feedback gain Kre has a pronounced effect on toth

the overshoot and the settling time of the system. From the

simulations, Kre was selected to be 1.5. ihis choice

ensures the specified settling time of ten seconds during

all stages and results in overshoot only during stages one

and two, where it is less than ten percent.

0
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III. jnfl OF BOLL

When the non-rolling pitch-yaw control system just

designed is forced to roll, the system becomes cross-coupled

as shoun in Fig. 3-1. The mechanism which creates and main-
tains the rolling motion will not be considered. It is

assumed that a control system outside the pitch-law
controller and independent of the main thrust motor main-

tains an approximately constant roll rate, p. Furthermore,

it is assumed that the roll rate can be measured during

flight or estimated from measured parameters with reasonable
accuracy. The purpose of this section is to analyze the

effect roll has an the previously non-rolling pitch-yaw
* controller.

The Laplace transformations of the linearized non-
rolling system's governing differential equations can be

written as two separate equations; one for the pitch channel

and one for the yaw channel.

S29 + GK SO6  GO GO0  (3.1)

s24J+4 HK ST + H'I' H*$ (3.2)

Where G and H are defined as:

G K R(TlC/B) [ab2 133
L(s~a) (S2+2fkS4t2)

H K~~T10 /) [ s~a) (:2+2fbs~t2)l
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Equations (3.1) and (3.2) can be rearranged and put into

matrix form as shown in Eq. 43.5). Note that the equation

has only diagonal non-zero elements and is, therefore,

uncoupled.

[sltGs~res.0 0

Rolling the missile leads to the addition of cross-

coupling terms between the equations governing pitch and yaw

response. The transformed differential equations governing

the responses of the rolling system are:

S29 + G~eSO + G8 + QsY GOc (3.6)

S29d HKry SY~ HYW' BS8 wjI' (3.7)

Vhere G and H are defined in Eqs. (3.3) and (3.14) and Q and

R are defined in Eqs. (3.8) and (3.9).

(A- C)F/H t3.8)

R (E -A)p/C (3.9)

Rearranging Eqs. (3.6) and 13.1) into matrix form as tefore

leads to the coupled form:

54G~[G [ I :1 :] (3. 10)
Equation (3.10) shows that the introduction of roll has

affected the transfer functions which determine the input-

to-output relationships of the system it twc vays. first,

34L



it has changed the direct path transfer functions of

pitch-to-pitch and yav-to-yav command-to-output. Second,

roll has introduced pitch-to-yaw and yaw-to-pitcb command-

to-output transfer functions which mere zero before the

missile was forced to roll. 1he effect that these changes

have on the systeams stability and performance will be exam-

iced next.

A. EFFECT OP ROLL 01 SISTER STABILIT[Y

As pointed out, the rolling system is governed ty four

transfer functions (2 inputs z 2 outputs). Consider cnly

the pitch-to-pitch input-to-output transfer function, i.e.,

hold the jav-command input equal to zero and ignore the yam

output. Under these conditions, the block diagram of the

system may be rearranged as shown in Fig. 3-2. The transfer

function obtained from the diagram is given in 1q. (3.11).

As indicated, the Fitch response of the system is influenced

by a variety of system parameters, as it was before the

missile was rolled. Now, however, the root locations of the

system are also affected by the roll rate.

8(s) S ~ 5 Ns~ 3 +N2 S2#N,N 0  (3.11)

5sNs+ 3 ~1J 2j .0
eelis) sa e,9gs9+D8se*D7S,#D6SG+DsSD, .:...

where;

N5  (ab/B)llc..

N (ab2/B)IlcKela42fh)

N (: ab2/B)71c Kel 2+ 2f ba ) "

N2 = (ab2/B) 11K 6 (att)

N= (ab2/e) TlC It(rw Fat 2 TLC /C)

No = (ab2/B)TlK t(yab2Tk/C)C 0 -•%"'

. . ... .

2j - .- - b)
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D8 =2(bz#2fba) * (A-a) (&-C) p2 /CB] + (a +2ft) 2 D 82 p

D7 2abs + 2 (a.2f b) (bzG2f ba4[ (A-B) (hA-C) p2 /CE ) D71 + C72 pV

D (b2.-2fba) (b2+2fba + 2[ (A-E) (A-C) p2/C)
+ (ab 2 '1 0 ) [ (K rw /C)* +t, lle e/8) 1 + (a.2ab) (2ab2)II
+ [(A-B) (A-C) p2/CB (aG2fk) 2 F6  I 2

D5 = (ab2Tl1c)[ (K s/E) I (Kv/C)J 2[ ( A-f) (A-C) p2 /CB (ab 2 )

+ 2 (b2+2f ba) (Wt) + 2C IA-B) (A-C) p2/CE (bx*2f ba) (a42f b)
*(a,2f t) (8aTL I, (K1,y Kv/C) 0 (Kra Ks/a) 0 51 +CI52 p2

D4  (ak:81 0)[ (Ly/C) +(Kg/2) ja*2f b)

*2[ (h-fl) (A-C) p 2 /C) ](a +2fb) (ab 2)

+ (Kr Ky/c)* (Kr, Ke/EB). (ab 2l1.) (b2 2f ba)

*[(A-B) (A-C) p2/CB)(t2#2fba) 2 *(ak2) 2 = 41 + C 4 2 P2

D 3 [ v (/C) + (K~B) )(a b a'I b 2k+42 fb a)

+ 2[ (A-B) (A-C) p2 /CB) (a: 2 ) (b202fba)

+ (KrKg,/C) + (Kr., Kq/E) ( (ab 2lle ) ak 2 ) 1314L2P

D2[ (Kv/C) + (K /E) 3(ab2 ) (ab 2 II )

* [(A-B) (A-C) p2/CE ] (ak: 2 ) 2

+ (KripK4'Kr Ke/BC) ('11.ak: 2 ) 2 D2 D22 p

D Ka (a b 2T lcC B 2 Kri K 4 K re. a .a b 2 1,./CE) 259,

Do [XY (K l*ab 2 ll )2)/CB
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* .J.-~-~--._ .:-

The denominatcr of Eq. (3.11), when set equal to zero,

defines the characteristic equation of the system.

Examination of Eq. (3.12) (in which Eq. (3.11) defines the

coefficients) shcws that as the roll rate is increased from

zero, the roots of the characteristic equation will move as

a functicn of the squared rcll rate. For analysis, the

region of operation will te restricted to the beginning and -'

end of each booster stage. At these instants, the charac-

teristic equation is as given in Eq. 13.12) with numerical

values for the coefficients given in Table 3-1. The end of

stage three is not considered because the missile is no

longer performing Fowered flight at the end of the final

stage.

s1O + C9 s9 * (D 8 1 +D 8 2 P2 )s) * (D7 lI 7 21 N sO 13.12)

+ (D61 +D6 2 P)s) 14(1 + D52 F)s + (D)41 +D4 2

+ (D 3 1 +D32 F2 )s 3 + 0D2 1 * 2 2 PZ)sZ + Dls + Do 0

The "migration" of the system's roots as the rcll rate

increases from zero is shown in figs. 3-3 through 3-12.

Figure 3-4, for examFle, shows that two roots of the system

move into the right-half plane at a roll rate of apFroxi-

mately 12.2 radiars/second. Since the linearized character-

istic equation was used to construct the root loci shown in

Figs. 3-3 through 3-12, the precise value ca roll rate which

causes instability cannot ke determined from the figures.

0hat the figures point out is the general migration cf two

system roots into the right-half plane in all Fhases of

operation as the roll rate is increased.
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TABLE 3-1

CBABACBBRISTIC EQUATION COMMENIITS

1st Stage 2nd Stage 3rd Stage

Beginning End BgnigEnd Beginning

L 39,8.0 354.0 354.0 354.0 354.0

D 81 39890 39,879.0 39,879.0 39,879.0 39,879.0

D082 10.9755 0.9755 0.9401 0.9401 0.8869

D 1.5809x106  1.5809x106  1.5809x106  1.5809x106  1.5809x106

D07 345.33 345.33 332.80 332.80 313.96

* -7 7 7 77
ID 3.0355x10 3.0725x10 3.0368xl0 3.0751x10 3.0549x107

D06 38,902.0 38,902.0 37,490.0 37,490.0 35,368.7

ID 3. 1199x10 3.7781xl10 3.1434x10 3.8236x10 3.4650xl10
51 _______

6 6 6 6 6
ID 1.542x10 1.542x10 1.486xl0 1.486xl0 1.402xl0

I9 9 9 9 9
1;7182x10 3.3458xl0 1.7 764xl0 3.4584xl0 2.571xl0

LD2.9483xl10 2.9483x10 2.8413x10 2.8413x10 2.6805x10

ID031 4.8252x10 1.8385xl10 5.310x10 1.9324x10 1.1929xl10

D 03 2.815x10 2.815x10 2.7128x108 272xO .53l

ID 7.11lO9 8.2761x10 8.5265x10 8.1567xl10 3.389xl10

D 1.llxlO9 1.llxlO9 1.0708x10 1.0708xl10 1.0102xl10

910 9 10 101
D 5.794x109  9.5278x10 7.0162x10 9.292x10 3.5410x10

9 10 9 10 101
D 1.931x109  3.176x10 2.3387xl0 3.0972x10 1.1803x10
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X,

B. JIPCT OF ROLL 03 SISTI PEIOBNAlI,-

As shown, the introduction of roll into the pitch-ja,
controller causes a migration of two system roots into the

right-half of the s-plane As the roots approach the isagi-

nary axis (as the roll rate is increased) the system tegins

to show more transient oscillation due to the decreased.S
damping ratio. The settling time of the system is also

increased. Since the system contains the nonlinear satura-

tion effect of the nozzle actuator and is of such high order

(tenth), not much more than this qualitative observation vas

done analytically.

To study the effect cf roll on system performance, a

series of simulation studies was conducted with the satura-
tion effect present. The simulation studies were performed

by subjecting the system to three sets of step-input

commands and constant roll rates. The first study consisted

of giving the system a step-pitch input and a zero-yaw input

and observing the transient response at six roll rates

between 2.5 and 15 radians/second. The results of these

simulations are plotted in Figs. 3-13 through 3-18. The

second study involved subjecting the system to a zero-pitch

input and a step-law input and conducting the same tests as
the first study. The results of the second study are

plotted in Figs. 3-19 through 3-24. Finally, the system was
given both a step-pitch command and a step-law command and

the tests were repeated. The responses of the system to the

conditions of the third test are shown in Figs. 3-25 through

3-30. Unlike the non-rolling simulations which were run at

separate booster stages (Figs. 2-9 through 2-11), the

rolling simulaticns were run over several consecutive

booster stages. ihis is because the settling time cf the

rolling missile system was often greater than the burn time

of a single stage.
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Pitch Response
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Fig. 3-13 Pitch-Step 1Besponse at B~oll Bate of 2.5 rad/sec

Figures 3-13 through 3-18 show the system's pitch and

yaw responses to a pitch-step iniput and a zero-yam input at

the specified roll rate. Note the dramatically increased

overshoot, oscillation and settling tine ccmpared to the the

non-rolling simulations, Figs. 2-9 through 2-11. figure

* 3-18 shows shows the unstable response obtained at a roll

rate equal of 15 rad/sec.
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The simulation studies showed that the system begins to

reach instability at a roll rate of approximately 12

radians/second. However, at roll rates as low as 2.5

radians/second the system's performance has been severely

degraded from the non-rolling case Ifigs. 2-9 through 2-11).

In all cases, the maximum leak overshoot is increased by a

factor of at least five and the settling tine by a factor of

at least eight. The system's performance is approximately ..

that of an under-damped oscillator. This response is caused

by the two roots which have moved close to the imaginary

axis as the roll rate was increased and are dominating the

system's transient response. In the next section, a coupen-

sation scheme is proposed which increases the damping if the

system and partially cancels the cross-coupling acceleration

terms introduced ty roll. .
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IV. CORPZSIIOl SCHMI

In the preceding chapter it was noted that rolling the

missile had the effect of introducing cross-coupling terms

into the pitch and yaw angular acceleration equations (Eqs.

(3.6 and (3.7)). In order to completely restore the

system's performance to its non-rolling condition, it is

necessary to eliminate or cancel out the cross-coupling

terms. Equation 43.10) can be rearranged into the form:

4

LS2 CSj :j G (00 Krese - )1 (4.1)

The left side of Eq. (4.1) contains the "dynamics" of the

system. In other words, it gives the acceleration and

velocity terms which determine the angular acceleration in

*the pitch and yaw channels. The only way to eliminate the

* cross-coupling terms directly would be to make changes to

the left side of Eq. (4.1) which would cancel the terms, Qs

and RsO. This would involve dramatic cha-ges to the missile

body, thrust vector control system and flight performance

and, therefore, will not be attempted.

*The right side of Eq. 14.1) constitutes the "elec-

tronics" of the system. It contains a sum of those terms

which are added at the feedback junction then passed through

the nozzle actuator. Ihis side of the equation can be

changed easily by altering the electronic network that makes

up the feedback acop.
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A. CROSS-CHAIEL FIEDBACI

Assume that the pitch rate and yaw rate can be accu-

rately measured or estimated at any time during flight.

Also, assume that the terms, G; H; Q and E, all functions of

system parameters, can be measured or estimated accurately.

Then, addition of the feedback terms cf pitch-rate-to-yaw-

input and yau-rate-to-pitch-input permit cancellation of the

cross-coupling terms. Ihe block diagram realization of the

proposed change is shown in Fig. 4-1. Equation (1.2) gives LA:

the compensated system's transformed differential equation

in matrix form.

Os e = G(c - K "Se- 6 + Cs /G) 14.2)

s H (YC - Kr SY - I * Bse/i)

Equation (4.2) can be reduced to Eq (4.3) by canceling

the cross-coupling terms, Cs and PsC, from both sides of

the equation. Corparison of Eq. (4.3) with Eq. (3.5) shows

that the transformed differential equation of the rolling

system has been reduced to its original non-rolling form.

Note that all that was done in this compensation scheze was

to subtract the cross-coupling term from the command input

to the nozzle actuator so than when it is added back on

downstream the result will be no effective cross-channel

terms into either ccntrol path.

-7 -:
S2, 01 [1 [G (9c -re -).3)

UI'1C - KrysY ')"
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unfortunately, the problem is not as simple as 1q. (4.2)

implies. The vain problem Is that the amount of control

which can be used to force the system's response is limited

by the maximum deflection angle of the exhaust nozzle. This

4 nonlinear saturation of the actuator is not present in Eq.

(4.2). Figure 4-2 summarizes the problem.

-4

Yal

Fig 1-2 latDnmc an Co ro IntLiia os

c ontrolal 1 te aeliie anteeoe so sth
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region of operation over which the performance of the system

can be controlled and the degree of control possible. LI]
Figure 4-3 shows the cross-coupling terms and the

attempted cancellation of then by the cross-channel feedback

terms under the compensation scheme just proposed. The

simulation shown was performed during the first stage of

operation with the system subject to a pitch-step command

and a zero-yaw command. Note how the magnitude of the

cross-channel feedback term is effectively saturated by the

nozzle actuator and cannot follow the cross-coupling term

outside a small region of operation. The simulation was

made by subtracting the error term generated by the differ-

ence in command and feedback so that'only the cross-chasnel

feedback term is fed-through the nozzle actuator.

B. NONLINEAR FEEiBACK

Examination of Figs. 2-5, 2-9, 2-10 and 2-11 shows that

the time the nozzle actuator takes to reach maximum deflec-

tion when given a large input command m>) maximum deflec-

tion) is insignificant (0.05 sec) when ccopared to the

settling tine of the entire pitch-yaw control system. Thus,

the actuator is functioning almost like a switch in all

regions of operation except near the command input (steady

state). For example, Fig. 4-4 shows the nozzle deflection

in the pitch plane during a simulation when the system was

subject to a pitch-step input and a roll rate of 2.5

radians/second. The conclusicn to be drawn from fig. 4-4 is

that since the amplitude of the effective control input to

the plant cannot be increased above saturation, the only

alternative is to "throw the switch" a little sooner.

The cross-channel feedback compensation scheme just

proposed will cause a reduction in the effective servo

command and result in earlier removal of the maximum nozzle

deflection (turning off the switch). Howevec, this approach

can at best only follow the cross-coupling terms and can not

"anticipate" the need to switch the deflection angle from

74
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positive maximum to negative iaximum. Another method to .,..-

accomplish the objective of switching the nozzle earlier is

to vary the velocity feedback gains, K rg and K rV - C-.

Specifically, it is desired that the velocity feedback gains

be low during the initial phases of operation when the error.

between command and position is large and increase as the

system approaches the commanded value. Ibis will result in

the same basic system operation that was present before

compensation (dominant complex-pair oscillation) but with

low damping when the error is high and higher damping as the

system apFroaches steady state.

The nonlinearity of the system prevents the use of most

analytical tools which might be used to determine algorithms

for Kre and KrF. Instead, a trial and error approach was

used based on the observations of the system's Ferformance

during earlier simulations and simulation studies performed .

specifically to determine appropriate Farameters.

Assume that the algorithm for determining the velocity

feedback gain consists of a constant which is reduced by an

amount proportional to the error between command and Fosi-

tion. Ibis will result in low damping if the error is high

and increased damping as the error decreases. For examFle,

if V and W are ccnstants, the pitch-channel velocity feed-

back gain can be determined from:

Kre = V - el8c - (.

Furthermore, the simulations shown in Figs. 3-13 through

3-30 indicated that the system becomes more underdamped

(roots migrate toward the imaginary axis) as the roll rate

is increased. So, the velccity feedback gains were made

proportional to the roll rate. Normalizing the algorithm so

that the relationshiF does not become zero if the roll rate

is zero yields Eqs. (4.5) and (4.6).
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Figure 4-5 shows sample results of simulation studies

which were conducted for various values of V and 0 and over

various stages of operation ankd toll rates. The simulations

shoved that acceptable performance was obtained for V = 4

and W = 3.

Figures 4-6 through 4-14I shiow simulaticn results which

were made by using the cross-channel feedback and variable

velocity feedback gain compensation schemes together. For

comparison, the uncompensated responses are also shown. The

compensated simulation responses were obtained under the

sane operating conditions as those shown in Pigs. 3-13

through 3-30.

Vw) - (4,3)
H(V#W) (6,5)

.. .. . . . . . . ....... ..........

..... ..... .................... ..............
. ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ -..... . ..... .. ........................ .... . ....
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The compensation scheme proposed partially restores the

pre-roll performance of the missile. Table 5-1 summarizes

the level of performance degradation caused by roll and the

restoration which was obtained with this compensation scheme

under pitch- and yav-step inputs and a roll rate of 2.5

rad/sec. As indicated, the degradation is significant even

at this relatively low (and stable) roll rate. The compen-

sated system's performance is still far morse than that of

the non-rolling system.

The compensation scheme relies primarily on the nonli-

near damping effect of the variable velocity feedback gains

which "anticipate" the approach of the commanded position.

Since the cross-coupling terms introduced ty roll are not

directly 4-ncelled by the proposed modification, the region

of stable operation and the degree tc which the system's

performance can te restored is directly controlled tj the

roll rate. Furthermore, the saturation caused by the nozzle - -

deflection will prevent any compensation scheme, vhich only

modifies the control input, from fully restcring the

system's performance. To completely restore the system to

its pre-roll performance at any roll rate, additional

control inputs to the system plant dynamics (such as, side

thrusters or additional vectoring of the main rocket motor)

are necessary.-

6"1
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TABLE 5-1

* PERFORfIANCE COMPARISON

Non-Bolling Uccompetsated Compensated

System Eioiling system System

I = 2..5 rad/sec)

Settling Time 9 sec 140 sec 80 sec

Peak Cyershoot 8.5% 170% 70%

p8



, "P P. F.°

A!!LNDII A '''.°.

VON-BOLLING MISSILE SIU,AII09

The DSL/360 program used to simulate the non-rolling -. '.

missile is shown below. The program consists of three .*'

stages, initial, derivative and terminal. The initial .

segment is used to define constants and calculate functions

of the constants uhich will act change throughout the siou-

laticn run. The derivative section is where the actual

integrations required to perform the simulations are

conducted. This program is constructed to follow the Llock

diagram of Fig. 2-1 directly. Note that the nozzle actuator

transfer function was broken down into a three-step integra-

tion. The terminal stage determines the end condition of

the simulation run and the output data. This data was

formed into a data file and a packaged graphics program

(DISSPLA) was used to construct the figures shown in the

text. The parameter values listed in this example program ._

are those during stage one.

CONST TSI=7496000,L=363 J1=11O48.8OKI=l.0.K81Hk=1.75,..WA=150,WB=15,IPB=O.9,BAIE=930oON1=189IO -40..-

*CCIIPfl7 SET VALUESINITIAL ;..
ONE:IIA*WB*IVO=WA + 2*PA WE- .
IHBEE=2*PB*VB*A + NB**2

B aEGIN SIMULATION
DERIVATIVE

BASSzN 1-RA7E*.INE
ECCH-STIP (0) , 1

* ERROR SIGNAL
ES CON-P
EI=B- (KSTH*ElCI)
CM=KT H * I

* SERVO TRANS'ER FUnCtIION
SVO=INTGBL(O SV1DO)
SV1DOT=INIG (E , SV2DCT)
SV2DOT= 'NTGBL (0 SV3 D1)
SV3DOT=ONPI*(C -VO) - I O*SV2DOT - THPEE*SV1DOT

90 ° ..... .



* LIM~IT OF DOZZLEDIELECTIC4
* DEPL=LINITI 0.aJ 3 ,O.087 3,SVO)

BJzj *5ASS
Z=TST*L/ B

* ANGULAR ACC ELEBIIION
P2DOTZZ*DBPI

* ANGULAR VELOCII!
P1DOT=INTGRL (.P2DOI) .--

P=INTGBL (0,El1DOI)

*OUTPUTI AND CONTROL STATEMlENTS
TERMINAL
CONTBL 11MT1B=15.0, DELT =0.001I SAVE 0 015 P .
PRINT 0:015:P
END
Slop
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BOLLING NISSILB SIBULA71CI

Unlike the non-rolling system simulations, the rolling

missile simulations were required to run over several

consecutive boaster stages. Ibis required the addition of a

edynamici segment of simulation. The 'IF' statements, shown

in the example simulation below, are used to switch from one

set of parameters to ancther as one stage burns off and

*another starts. The switching is controlled by the elapsed

time of the simulation run compared t6 the turn time of each

stage.

*SET CONSTANIS
CCNS I KTB=i.0*KRTi=i. 5,NA=150,VB=15,PB=0.5.BCLL=7.5

*INITIALIZE SET VALUES
INITIAL

A N&*tIV**2)
B W A * 2*PAB*N
C =2*PE*NB*MA + WB**2
BSSET=0. 0

*INITIALIZE FIRST STAGE VALUESI

J2= 136.*1
EATE=93O. 0
M 11= 189140A

*DECIDE WHICH STAGE Of FLIGHT
DYNAMIC
*ENTEE STAGE 130

I IF (TIflE.LT.150) GO IC 10
TST=112 5000
L =230
J1=4476.4
HATE=81 .49
M11=40340
RBSET=1 50

*ENTES STAGE THRE
* IP (TIIE.17.509) GO IC 10

TST=224900 .t

L=100
j1=858..3
32=50.0 a

IRAlES14.75
M11=8140
B ESEBT=50 9

10 CONTINUE

92I
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*SIMULATION RUN
DIBIvA7IvE

SE7=TIBE-RESET
BASS = mi - BIATE*SET)
PCCI = STEP (
YCOA STEP 0

*ERROR SIGNALS P OITION FEEDBACK
IP = COM-P
IT Y COM-!

*ERROR SIGNALS VELOCITY FEEDBACK
RIP = ED-IKBTH*P1DOT)
BIT = El- KDTH*Y1DOI)
CRV = KIH EIP
CRY = 17H*EII

* ERVO TRANSFER FUNCTION IN FITCH PATH
SIP = INTGRL (0, SVPDOTj
SYDDOT =IsTGBL (0,SvPdDI)
SVP2DT = lN7GBL (0 SVP230T
SVD3DT,=A* (CMP-SVP) - IS SVP2DT - C*SVPDO7

*PITCH DEFLECC 10
PDEFL = LIMIT -0 0873 0 087.3 SYP)

*SERVO 7RANSFER PU N CTiON I& iAN PITH
Svi = INTGRL (0 SVYDOT)
SVIDOT = INT GIt (0.sm!21
SV12DT =INIGBI 1 SV13DT *S!O
SV73DT = A*jCMT-SfY) B SV!2DT -CSIO

*YAM DEFLECTION
IDEFL = LINITI-0.0873.0.0873,SVY)

* 3!Y = J1*flASS
JZJ = *
JX = J2*MASS
ZP -TST*L/JY

* CROSS COUPL 6 121PLIBBS
ALPHA = JZ-JX) *BOLL/JY
BETA = i YJ-J) *DOL/JZ

* CROSS COUPL E TERM YAW TO DITCH
CC!P = ALPHA*!1DaT

*CROSS COUPLE TEIN PITCH TO YAW
CCPI = BETA*P1DOT

*PITCH ANGULAR ACCELERATION
P 2DOT (ZP*DDEPLI # CCIP

AWANGOLAR CCELPSATION
12B0T (Z!*IDEFL) + C CE!

P ITCH ANGULAR VELOCIT!
PIDOT =INTGRL 0 P2DOT)
P = INTGEL 0 PID6T)

*YAW ANGULAR VE&LYhT
YIDOT = INTGRL 10 12DOT)
I INTGRL (0,! D67)

* UIPaT AND CONTROL
* TERMINAL

COATIL FINTIB=500.0, DELT=0.01
PSIXT 0.50,P,Y
END
STOP
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